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Abstract 

We show that the secant variety of the Segre variety gives useful in- 
formation about the geometrical structure of an arbitrary multipartite 
quantum system. In particular, we investigate the relation between arbi- 
trary bipartite and three-partite entangled states and this secant variety. 
We also discuss the geometry of an arbitrary general multipartite state. 

1 Introduction 

Recently, the geometry and topology of entanglement has got more attention 
and we know more about the geometrical structure of pure multipartite entan- 
gled quantum states. We have also managed to construct some useful measures 
of entanglement based on these underlying geometrical structures. However, we 
know less about the geometrical structure of an arbitrary multipartite quantum 
state and there is a need for further investigation on these states. Concurrence 
is a measure of entanglement which is directly related to the entanglement of 
formation [T] . Its geometrical structure is hidden in a map called Segre embed- 
ding [21 [3l m [5] . The Segre variety is generated by the quadratic polynomials 
that correspond to the separable set of pure multipartite states. We can con- 
struct a measure of entanglement for bipartite and three-partite states based 
on the Segre variety [J. We can also construct a measure of entanglement for 
general pure multipartite states based on a modification of the Segre variety 
by adding similar quadratic polynomials [Sj. In this paper, we will establish a 
relation between the secant variety of the Segre variety and multipartite states. 
For example wc show that the concurrence of arbitrary bipartite and three- 
partite entangled states arc equivalent to the secant variety of the Segre variety. 
Wc also generalize our result for a measure of entanglement for an arbitrary 
multipartite state. In section [2 wc will define the complex projective vari- 
ety. We also introduce the Segre embedding and the Segre variety for general 
pure multipartite states. In following section [31 we will define and discuss the 
secant variety of a projective variety. In section [H we investigate the secant 
variety of the Segre variety, which is of central importance in this paper. More- 
over, we investigate relation and relevance of the secant variety of the Segre 
variety as geometrical structure of entangled and separable states. For exam- 
ple, we show that this variety defines the space of the concurrence of a mixed 
state. Finally, in section [51 wc expand our result to an arbitrary multipartite 



state. As usual, we denote a general, composite quantum system with m subsys- 
tems as Q = Qm{Ni, N2, . . . , N,n) = Q1Q2 • • • Qrn, cousisting of the pure states 

= Y^ki=i J2k2=i ' ■ ' ^kZ=i Qffci,fe2,...,fe™ 1^1: ^2, • ■ • , kjn) and corresponding to 
the Hilbcrt space Hq — Hq^ ^Ti-Q^ ® ■ ■ • CS'Wg^ , where the dimension of the jth 
Hilbert space is Nj = dim(?ig^. ). We are going to use this notation throughout 
this paper. In particular, we denote a pure two-qubit state by 22(2, 2). Con- 
currence is a widely used measure of entanglement which have been successfully 
applied to many different field of finite quantum systems. It also gives an ana- 
lytical expression for entanglement of formation for bipartite quantum systems. 
In Wootter's definition of concurrence for a two-qubit state [T], the tilde op- 
eration is an example of conjugation, i.e., an antiunitary operator. Based on 
this observation, Uhlmann [5] generalized the concept of concurrence. Uhlmann 
considered an arbitrary conjugation acting on an arbitrary Hilbert space. For 
example concurrence for a pure quantum system Q^{Ni, N2) is defined by 

c(Q^(iVi,A^2)) = v/|(*|e*)|, (1.0.1) 

where Q is an antilinear operator and satisfies = /. Moreover, the concur- 
rence of a quantum system Q2{Ni, N2) is defined by 

C(Q2(^i,^2)) =inf^KC'(Qf(iVi,7V2)), (1.0.2) 

■i 

where the infimum is taken over all pure state decompositions. If we have 
a quantum system Q2(2,2), where is a tilde operation, then concurrence 
coincides with Wootter's formula for concurrence of two-qubit states. 

2 Complex projective variety 

In this section, we review some basic definition of complex projective variety. 
The general reference on projective algebraic geometry can be found in [71[Sl[n|. 
Let C[z\ = C[zi, ^2, ■ • ■ , Zn] denote the polynomial algebra in n variables with 
complex coefficients. Then, given a set of q polynomials {hi, h2, . • . , hq\ with 
hi S C[z], wc define a complex affinc variety as 

Vc(/ii, /i2, . . . , /ig) = {P e C" : /i,(P) = V 1 < i < g}, (2.0.3) 

where P = (ai, a2, . . . , a„) is called a point of C" and the ai are called the 
coordinates of P. A complex projective space P" is defined to be the set of lines 
through the origin in C""*"^, that is, P" = C"^^ — 0/ where the equivalence 
relation ~ is defined as follow; {xi, . . . , Xn+i) ^ (yi, . . . , Vn+i) for A S C — 0, 
where yi = Xxi for all < i < n + 1 . Given a set of homogeneous polynomials 
{hi, /i2, . . . , hq} with hi e C'[z], we define a complex projective variety as 

V{hi,. ..,hq) = {Oe P" : h,{0) = V 1 < i < g}, (2.0.4) 

where O = [ai, 02, . . . , ftn+i] denotes the equivalent class of points {ai, a2, ■ ■ ■ , 
ttri+i} G C""*"^. We can view the affine complex variety Vc{hi,h2, ■ ■ ■ ,hq) C 
C"^^ as a complex cone over the complex projective variety V(/ii, /i2, . . . , hq). 

As an important example of projective variety we will discuss the Segre 
variety. For a multipartite quantum system Q(7Vi, . . . , iV^), let N = (iVi — 



1, . . . , Nm — 1) and Vi, V2, • ■ • , be vector spaces over the field of complex 
numbers C, where dimVj = Nj. That is, we have = ^{Vj) for all j. 

Then we define a Segre map by 

Sn,,N2....,n^ ■■ P^'"^ X P"=-i X • • • X P^"-i P^-\ (2.0.5) 

where Af = Tljli ^j- This map is based on the canonical multilinear map 

V1XV2X ■■■ xVra Vi(g)V2(E)---(g)Vm ^2 q gx 

Vi X V2 X ■ ■ ■ X Vr,i ^ Vi ®V2 ■ ■ ■ ^Vm 

Thus, wehaveP^-1 P(Vi, . . .,V„^). The Segre variety 6^ = IM'SnuN2....,nJ 
is defined to be the image of the Segre embedding. By definition, the Segre va- 
riety is formed by the set of all classes of decomposable tensors in P-'^"^. For a 
quantum system Q{Ni, . . . , iV,„), the Segre variety is given by 

&W = r\^{c,k,M,...,k^ah,h,-,lrr. (2.0.7) 

,k2 , ■ ■ ■ ,kj — 1 ,1 j .kj-^-i , . . . ,kjjT,^li ,[2 ■ ■ ,1 j — 1 ,kj ,lj -^^i , . . . • 

We can also partition the Segre embedding as follows: 

(pJVi-l X ... X P^'-l) X (P^'-l X • • • X P^--l) ^ pMi X 

SNi,N2,.-.,Nm. I0l 

pNiN2---Nm-l -< — pA^i X pA42 

where Mi = N1N2 . . . Ni - IM2 = N1+1N1+2 ■ ■ ■ - I and {Mi + 1){M2 + 
1) = N1N2 ■ ■ ■ Njn- For the Segre variety, which is represented by a completely 
decomposable tensors, the above diagram commutate. Let X C P^. Then 
there are two important subsets of P^; the secant variety 6ec(X), which is 
defined to be the closure of the set of point lying on secant X1X2, where xi 
and X2 are distinct points of X. The second one Tan(X) is the union of the 
projective tangent spaces. In the next section we will discuss the secant variety 
of a projective variety. 



3 Secant variety 

The secant variety of a projective variety has been studied in algebraic geometry 
and some recent references include [TUIIII]- The fc-th secant variety ©eCfc(X) of 
X C P^ with dim X = d is defined to be the closure of the union of fc-dimcnsional 
linear subspaces of P^^ determined by general fc + 1 points on X 

6ecfc(X) = |J{all secant P'^ 's to X}, (3.0.8) 

where for Pq, -Pi • • • -Pfe G X, we have P*^' = (Po, Pi ■ ■ - Pk)- Moreover, the dimen- 
sion of ©ecfc(X) satisfies 



dimeeCfc(X) < min{M', (fc + l){d+l) - 1}, 



(3.0.9) 



where M is the dimension of the hnear subspace spanned by X. The subvariety 
X is cahed /c-defect when dimeeCfe(X) < min{M',(/c + l){d + 1) - 1}. For 
example, the secant variety of Segre variety &ttk{&-ff) is the closure of the set 
of classes of those tensor products which can be written as the sum of at most 
k -\- \ decomposable tensor products. Thus, the secant variety of Segre variety 
&zck{&j^) gives some useful information about the geometry of entangled and 
separable mixed multipartite states. 



4 Secant variety of the Segre variety and con- 
currence 

In this section, we investigate the secant variety of the Segre variety and show 
that the geometry of concurrence for mixed bipartite and three-partite states 
is given by this variety. In the next section, we will discuss the secant variety 
of variety for an arbitrary multipartite state. For bipartite quantum system 
Q{Ni, N2), the Segre variety is the variety of iVi x N2 matrices of rank 
1. Thus the secant variety &eCk{&Ni.N2) is the matrices of rank less than k 
and fc = iVi is the least integer for which &cCk{&Ni,N2) = P^i^^^^. The Segre 
variety has two rulings by the families of linear spaces v^¥{W) and P{V)(i^w for 
all V & V and w £ W. The Segre variety can be seen as decomposable tensors 
in F{V) (g> P(II^). The fc-fold secant plane to the Segre variety is given by the 
tensor of rank k. For example, a tensor which can be written as X]i=i '^i'^^i = 
vi(i)Wi+V2'SiW2 + - ■ ■ + Vk(E>Wk- As an example, we will discuss the Secant variety 
of the Segre variety 6eCfc(S(3 3)) of quantum system Q2(3, 3). For this quantum 

system, the Segre variety is given by 6(3,3) = nfci,h,fc2,i2=i "^("fci.fc2aii,i2 " 
o-ki,i2<^ii,k2)- Moreover, we have dim 6eci(©(3_3)) = (3 + 3)(l + l) — (1 + 1)^ — 1 = 
7, but the expected dimension was dim 6eci(S(3 3)) < min{A/ , (fc + l){d + 
1) — 1} = min{8, (1 + 1)(4 + 1) — 1} = 8. We have expected that the secant 
variety 6eci(S(3^3)) does fill the enveloping space and this is an example of 
a deficient Segre variety. For bipartite systems, if we assume that A^i < iV2, 
then for all 1 < fc < A^i the secant variety &tCk{&{Ni,N2)) has dimension less 
than the expected dimension and the least k for which &zCk{&[Ni.Ni)) hUs its 
enveloping space is /c = iVi. Next, we write the concurrence of a quantum 
system Q2(-/Vi, ^^2) as follows 

C(S2(iVi,iV2)) = inf^p,C(*,) (4.0.10) 

i 

(Ni N2 
ki,li = l k2,l2 = i 

~ inf ('^ sum of all decom. ten. in p^i^2-i^ 

~ M&eCki&Nt,N2), 

where iV is a normalization constant. From this expression we can see that 
the geometry of concurrence of arbitrary bipartite state is given by the secant 
variety of the Segre variety. Moreover, the geometry of arbitrary three-partite 
states can be given by this secant variety, since we can construct a measure for 



three-partite states based on the Segre variety in the same way as we did for 
bipartite states. The generalized concurrence for such a state is given by 

m— 3 

C(Qf(iVi,7V2,iV3)) = (AA Y.\'^''^M.-,k^c.h.i2....,U (4.0.11) 

ki,li-,k2,l2;k3,l3 Vj 

From this equation and the discussion about the concurrence of bipartite states, 
we have 

CiQ3{N,,N2,N3)) = m^Y,P^C\Ql{Nl,N2,N3)) 

i 

~ mf&ZCk{&NuN2.N3)- 

We can also connect the secant variety of the Segre variety to the separable set 
of multipartite states Q{Ni,N2, ■ ■ ■ , iV,„) based on the relation between perfect 
codes and Secant variety of the Segre variety. The existence of perfect codes can 
be proved based on finite fields with q elements. The perfect code exist only for 
the following parameters: g is a prime power, t — for I > 2 and k = g*"'. 
Let us look at some examples of this kind. Let g = 2, t = 2' — 1, and k — g*~', 
where I is a positive number. Then for the Segre embedding 

times 

52,2,. ..,2 : X X . . . X — > p2'-\ (4.0.12) 

the secant variety of the corresponding Segre variety 6eCfe_i(St) = P^ which 
fits exactly into its enveloping space. Thus, all SecA:_i(6t) have the expected 
dimension. This secant variety coincide with the space of separable mixed multi- 
qubits states Q(2, 2, . . . , 2). 

a' — 1 

Next, let g be a prime power. Then for any / > 1, t = ^i^"' ^^'^ Segre 
embedding 

i — times 

Sq,q,...,q : P'^"^ X P«"^ X ... X P'"^ — > P«*"\ (4.0.13) 

the secant variety of the Segre variety &eck-i{&t) = P'^*^^ gives information 
on the geometry of the entangled and separable sets of an arbitrary quantum 
system Q(g,g, . . . ,g). 

5 Secant variety and arbitrary general multipar- 
tite state 

Recently, we have proposed a measure of entanglement for general pure multi- 
partite states as [5] 

VcrGPorm(u) kj ,lj ,j=l,2,...,m 

\akik2...k^ai^i2,„i„, - aa(fei)<T(fe2)...o-(fe„)a<T(/i)<T(Z2)...cr(i„) 1^)^7(5.0.14) 



where a e Perm(u) denotes all possible sets of permutations of indices for which 
k\ki . ■ . km are replace hy I1I2 ■ ■ ■ Im, and u is the number of indices to permute. 
By construction this measure of entanglement vanishes on product states and 
it is also invariant under all possible permutations of indices. Note that the 
first set of permutations defines the Scgre variety, but there are also additional 
complex projective variety embedded in CP'^^^ which arc defined by other 
sets of permutations of indices in equation (|5.0.17p . Wc can also apply the same 
procedure as in the case of the concurrence to define a measure of entanglement 
for arbitrary multipartite states 

HQmiNu . . .,Nm)) = inf ^p,^'(QP,(7Vi, . . .,Nm)) 

i 

i VcrePcrm(M) kj,lj,j=l,2,...,m 

\(A:ik2...k„,'^hl2...l^ ~ '^CT(fei)(T(fe2)...0-(fe„)"CT(/i)(T(Z2)...Cr(i„)n^ ■ (5.0.15) 

Next, for a quantum system Q{Ni, . . . , Nm) we define the variety 

2^1v = n V{ak^M.-,k^0ii^:i2,-,i^ (5.0.16) 

Vcj'^Pcrm(ii) ,lj ,j — l,2,...,m 
-Oia{ki)a{k2)...a(k^)<^a(h)cr(l2)...<y(U))- 

which include the Scgre variety. Now, based on our discussion about the con- 
currence of bipartite and three-partite states, we conclude that 

:F{Qm{Ni,...,N,n)) infSeCfc(%). 

This equivalence relation establish a relationcs between the geometrical struc- 
ture of a measure of entanglement for arbitrary general multipartite states and 
the secant variety 6eCfc(1-^). 

We have established a connection between pure mathematics and fundamen- 
tal quantum mechanics with some applications in the field of quantum informa- 
tion and computing. We have introduced and discussed the secant variety of the 
Segre variety. But the secant varieties are still subject of research in algebraic 
geometry. For example, there are still many fundamental open questions about 
the secant variety of the Segre variety. However, we hope that this geometrical 
structure may give us some hint to how to solve the problem of quantifying 
entanglement of an arbitrary multipartite system. 
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